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Abstract. Following the work of Piunikhin-Salamon-Schwarz, the Floer co- 
homology for Hamiltonian symplectomorphisms with its pair-of-pants product 
is ring isomorphic to the small quantum cohomology ring of the underlying 
symplectic manifold. In this paper we complete the correspondence between 
rational Gromov-Witten theory and the Floer theory of symplectomorphisms. 
Employing the rich algebraic structures of rational symplectic field theory, we 
show how the Frobenius manifolds and the resulting infinite-dimensional in- 
tegrable systems of Gromov-Witten theory translate to Floer theory. At the 
end we illustrate how transversality is established without polyfolds. 
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Summary 

The Floer theory of symplectomorphisms is an important tool in symplectic 
geometry. Floer cohomology was invented by A. Floer to prove the Arnold 
conjecture about the number of symplectic fixed points and since then was 
improved to answer many other questions in symplectic geometry. Following 
M. Schwarz and P. Seidel (|17|). there exists the so-called pair-of-pants product, 
which for general symplectomorphisms 4> is defined by counting holomorphic 
sections in symplectic fibre bundles over spheres with three points removed. 
Apart from the Arnold conjecture for degenerate Hamiltonians, it is used in 
proofs of the Conley conjecture and plays a crucial role in the definition of 
symplectic quasimorphisms. While the pair-of-pants product involves the Floer 
cohomology groups of different symplectomorphisms, it defines a graded commuta- 
tive and associative product on the sum of the Floer cohomologies of all powers of 4>. 
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The above mentioned applications of the pair-of-pants product build on its 
relation with the small quantum product of the underlying symplectic manifold. 
Following Piunikhin-Salamon-Schwarz ([16]) there exists an ring isomorphism 
between the (sum of the) Floer cohomology groups with its pair-of-pants product 
and the small quantum cohomology ring. On the other hand, the small quantum 
product only involves a very small part of rational Gromov-Witten theory, since 
it just counts holomorphic spheres with three marked points. In order to use the 
geometric information of all rational Gromov-Witten invariants, it is known that 
there also exists a big version of the quantum cup product, which recovers the 
full rational Gromov-Witten potential ([2]). Following B. Dubrovin, it equips, 
together with the canonical Euler vector field, the canonical unit vector field 
and the canonical flat metric, the affine space of quantum cohomology with the 
structure of a Frobenius manifold. 

In this paper we show how the big quantum product and the resulting Frobenius 
manifold translate to the Floer theory of a symplectomorphism <f>, extending the 
above relation between the small quantum product and the pair-of-pants product. 
The corresponding big version of the pair-of-pants product counts holomorphic 
sections in symplectic fibre bundles over spheres with arbitrary many points 
removed. Since the pair-of-pants product satisfies properties like commutativity 
and associativity only after passing to cohomology, the same is clearly true for the 
big pair-of-pants product. In order to define the corresponding new algebraic and 
geometric structures in Floer theory, we make use of the rich algebraic structures 
of the rational symplectic field theory of the mapping torus of <f> ( [7] , [5] ) . 

While the cylindrical contact cohomology of the corresponding mapping torus 
M,), agrees with the sum of the Floer cohomologies of all powers of <fi, one can show 
that the differential in full contact homology equips the chain space of cylindrical 
contact cohomology with the structure of a (infinite-dimensional) differential graded 
manifold. In the same way as the small pair-of-pants product lives on the cylindrical 
contact cohomology, we show that its big version equips, together with the canonical 
Euler vector field and the unit vector field, the differential graded manifold of full 
contact homology with the structure of a cohomology F-manifold in the sense of 
Merkulov ([H],[I3]). 

Theorem 0.1. The tuple (Q, X, e, E), consisting of the coordinate super space 
Q and the differential vector field X of contact homology, the big pair-of-pants 
product -k, the unit vector field e — d/dq± and the Euler vector field E, defines a 
cohomology F-manifold in the sense that 

• Q is a 7L- graded vector space, 

• E e T (1 ' 0) Q is an Euler vector field in the sense that Ef = \f\f for all 
homogeneous functions f G T^ 0,0 ^ Q, 

• X e r (1 ' 0) Q satiesfies [X,X] = 2X 2 = 0, [E,X] = X and X(0) = 0, 
so that (Q,X) defines a differential graded manifold Q x with a grading 
operator C E : T {r ' s) Q x -> T (r ' s) Q x given by E and a restriction map at 
the origin G Q for all tensor fields, 

• * G T^ 1 ' 2 ' Q satisfies £x* = and Ce* = 2*, and the induced map 
* : 7 - ' 1,0 - 1 Qx ® Qx — ^ T^ 1,0 - 1 Qx * s a graded commutative and 
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associative product, 

• e = d/dqi G T (1 ' 0) Q satisfies [X,e] — and e G 7 _( ' 1 ' ' ) Qx * s a un ^ f or 
the multiplication given by *. 

We show that there exists a spectral sequence computing the differential graded 
manifold from contact homology with E^-page given by the afhne manifold of cylin- 
drical contact cohomology. On the other hand, due to the vanishing of the contact 
homology vector field X at the origin, it follows that the differential graded manifold 
Q x has a well-defined tangent space at zero. In the same way as the small quan- 
tum product is obtained from the Frobenius manifold of rational Gromov-Wittcn 
theory by restricting the big quantum product to the tangent space at zero, the 
above cohomology F-manifold recovers the sum of the Floer cohomologies with its 
small pair-of-pants product. 

Theorem 0.2. At q = the big pair-of-pants product * G 7 -1 - 1 ' 2 ' Qx = 
H*(T~^ 1 ' 2 ' Q, Cx) restricts to the small pair-of-pants product *o : HC cy i ® HC cy i — > 
HC cy i on cylindrical contact homology, 

(T Q x ,*| g=0 ) = (HC cyl = 0HF , (/) z ',* o ). 

k 

By extending the isomorphism proof for contact homology from [7] and [5], we 
show that, for different choices of auxiliary data like almost complex structures and 
Hamiltonian perturbations, the resulting cohomology F-manifolds are isomorphic 
in a canonical way. In particular, in the case when <fi is the time-one map of 
the flow of a Hamiltonian vector field, we show how the cohomology F-manifold 
of a Hamiltonian symplectomorphism is related to the Frobenius manifold of the 
underlying symplectic manifold. 

Theorem 0.3. In the case when the symplectomorphism (f> is the time-one map of 
a Hamiltonian flow, there exists an equivalence of cohomology F-manifolds 

(Q,X,*,e,E) S (0QH*U{e},O,*,e,£), 

fcSN 

where, on the right hand side, * denotes the big quantum product, e its canonical 
unit vector field and E the Euler vector field of the Frobenius manifold structure 
on the quantum cohomology QH* of the underlying symplectic manifold. This is 
a generalization of the classical result of Piunikhin-Salamon-Schwarz in the sense 
that, after restricting to the tangent spaces at the origins, we recover the ring iso- 
morphism 

(0HF*(/) z *,* o ) = (0QH*,* o ). 

kefi fcew 

Note that cohomology F-manifolds are generalizations of Hcrtling-Manin's 
F-manifolds, which themselves are generalizations of Dubrovin's Frobenius mani- 
folds, dropping the request for an underlying (Floer) potential. Furthermore the 
Euler vector field E G T^ 1 ' ^ Q as well as the canonical flat structure on Q do 
not descend to well-defined structures on the differential graded manifold Q x 
in general. While the classical approach to integrable systems hence does not 
generalize immediately from Gromov-Witten theory to Floer theory, we instead 
show how rational symplectic field theory provides us with the desired Floer 
generalization of the integrable system from Gromov-Witten theory. For this we 
show how the resulting commuting Hamiltonian systems on the rational SFT 
homology of from [5] and [TU] are related to the moduli spaces studied in the 
Floer theory of <fi, generalizing the relation between the rational symplectic field 
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theory of S 1 x M and the Gromov-Witten potential of M described in [7]. In 
particular, we sketch at the end how that the first descendant Hamiltonian for 
the canonical zero-form can be viewed as a substitute for the Floer analogue of 
the Gromov-Witten potential in the sense that it carries the same geometrical 
information but leads to an invariant of the symplectomorphism <f> after passing to 
homology. 

In order to turn our results into mathematical theorems in the strict sense, 
in the appendix we prove transversality for all occuring moduli space under the 
assumption that the symplectic manifold is semipositive. Indeed, instead of just 
refering to the polyfold theory of Hofer and his collaborators, we show how the 
transversality results for Hamiltonian mapping tori established by the author in 
[5] can be modified to cover the case of general symplectic mapping tori. While 
the latter shows how to deal with moduli spaces of holomorphic curves with three 
or more punctures using domain-dependent Hamiltonian perturbations, note that 
for holomorphic spheres and holomorphic cylinders (there are no holomorphic 
planes !) we essentially make use of the regularity (and nondegeneracy) result 
for Gromov-Witten theory and Floer cohomology for semipositive symplectic 
manifolds. 

This paper is organized as follows: While in 1.1 we review the definition of 
the pair-of-pants product in the Floer theory of symplectomorphisms, in 1.2 we 
summarize the definition of the big quantum product and its relation to Frobenius 
manifolds. After showing in 2.1 how the contact homology complex leads to 
a differential graded manifold, in 2.2. we define the big pair-of-pants product 
and show in 2.3 that it turns (together with other geometrical structures) the 
differential graded manifold into a cohomology F-manifold. Finally, in 2.4, we show 
how the integrable systems generalize from Gromov-Witten theory to Floer theory 
using a bypass obtained from symplectic field theory and end with establishing the 
analytical foundations in the appendix. 

The author would like to thank K. Cieliebak, B. Dubrovin, C. Hertling, P. Rossi, 
S. Shadrin and I. Smith for useful discussions and their interest in his work. Most 
of the work for the paper was done when the author was a member of the trimester 
program on "Integrability in Geometry and Mathematical Physics" at the Hausdorff 
Research Institute in Bonn. He would like to thank the organizers for the invitation 
and the institute for the great working environment. This paper was written when 
the author was a research assistant at the University of Freiburg, partially supported 
by Prof. K. Wendland's ERC Starting Independent Researcher Grant (StG No. 
204757-TQFT). He is grateful for the great working enviroment and for the financial 
support. 

1. Introduction 

1.1. Floer theory for symplectomorphisms. Let (M, w) be a closed symplectic 
manifold and let <p be a symplectomorphism on (M, uj). In order to be able to prove 
transversality for all occuring moduli spaces, see the generalization of the results 
from [5] in the appendix, we assume that (M, uj) is semipositive in the sense that 

ui(A) > 0, c x {A) > 3-n c x (A) > 

for all A G 7T2(M), see [2]. Note that this includes the case of monotone symplectic 
manifolds as well as the case of symplectic manifolds (M, ui) with ci(A) = for 
all A e 7ra(M), which contains the important class of Calabi-Yau manifolds. 



Floer theory and Frobcnius manifolds 



5 



Furthermore we assume that, after choosing Hamiltonian perturbations as in the 
appendix, all fixed points of the symplectomorphisms are Morse nondegenerate, in 
particular, isolated. Finally we assume for simplicity that 7Ti (M) = 0, which is just 
used to simplify the occuring cohomology groups and clearly can be dropped after 
small modifications. We first briefly review the definition of the Floer cohomology 
groups of (f> as defined in [JJ. 

Floer cohomology groups. We start with choosing a family Jt, t € R of w-compatible 
almost complex structures with Jt+x — <fi*Jt- Let V(<p) denote the set of fixed 
points x = 4>{x), x G M of the symplectomorphism <f). Given two fixed points 
x~,x + G V(4>) the new invariants arc defined by counting J-holomorphic strips 
u : R x [0, 1] — > M connecting x" and x + , 

Bju = d s u + Jt(u) ■ dtu = 0, lim u(s, t) = x^ , 

s— >±00 

where (s, t) denote the canonical coordinates on R x [0, 1]. 

Note that each such map u can indeed be viewed as a holomorphic section in 
the bundle 7r : R xM^ — > R xS 1 , where 

M <j> = RxM/{(t,p) ~ (t + l,0(z))} 

denotes the mapping torus of the symplectomorphism cj>. For this observe that the 
family J t of almost complex structures on (M, ui) naturally defines a cylindrical 
almost complex structure J on R xM^ (in the sense of pQ) by requiring Jd s = dt 
and J = Jt on the symplectic fibre 7r _1 (s,t) = (M,lu) over (s,t) G R xS* 1 . 

With this we can now define the Floer cohomology groups HF*(0). First, we 
view each symplectic fixed point x G P(4>) as a graded object with grading \x\ = 
CZ(x) + 2(dimM — 2). Here CZ(x) denotes the Conley-Zehnder index of the path 
of unitary matrices obtained from a choice of a unitary trivialization of x*TM, 
where x is viewed as a section in — > S 1 , see [3J for details. Note that the 
additional summand does not appear in the original definition in [JJ , but will become 
natural later on. After choosing a basis Aq, . . . , of H<z{M<j,) we furthermore 
choose corresponding graded formal variables Zo, . . . ,Zn with \zi\ = +2cx(Ai), i = 
1, . . . , N. In order relate our bundle setup back to the original definition in [4j, note 
that by using ni(M) — 0, the Hurewicz isomorphism and the spectral sequence for 
fibre bundles employing cohomology with twisted coefficients TL(M), it follows that 

H 2 (M^) = H (S\H 2 (M)) = . *?} M \ > = 7n(O M), 

lm^l — (p2 ) 

where 02 : H%(M) — > HziM) is the map induced by <f> and fl^M is the space of 
twisted loops x : R -> M, x(t + 1) = <p{x(t)). 

Let CF* (<f) denote the graded vector space spanned by all symplectic fixed points 
x G T > (4>) with coefficients from the field of Laurent polynomials in zo, . . . , zn- 
We denote by M%-(A) the moduli space of J-holomorphic sections u in R xMa, 
connecting x~ and x + modulo R-translation and representing the homology class 
A G H2(M<f,) = TTi(n,pM), see [3J for details. Then we define a differential d : 
CF*(</>) -+ CF* +1 (» by 

ax- = # M f-( A ) ■ x+zA 

x+,A 
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with z A = Zo° ■ ... ■ z d N N for A = d A + ... + d N A N . Here #M%-(A) 
denotes the algebraic count of elements in the moduli space in the case when 
ind(u) = CZ(x+)-CZ(x-)+2c 1 (A) = \x + \-\x~\ + \z A \ = 1 and is equal to zero else. 

In order to ensure that we always get a finite count, we use that A4%- = (A) 

is compact when ind(it) = 1. On the other hand, when ind(u) = 2, Ai^,-(A) can 
be compactified to a one-dimensional moduli space with boundary given by 

d 1 M*- (A) = \JM? (A+) x M%-(A~), 

where the union runs over all fixed points x e V(<p) with ind(u + ) = ind(it~) = 1 
for («+,«-) E M X X + (A+) xM x x -(A-) and A + + A~ = A. 

Translating the above compactness result into algebra, we have shown that we 
indeed have d o d = 0, so that we can define the Floer cohomology groups as 

HF*(0) =H*(CF* (</)), d). 

Furthermore it can be shown that the cohomology groups for different choices of 
almost complex structures are isomorphic and depend on (f> only up to Hamil- 
tonian symplectomorphisms. In particular, when (f> is Hamiltonian, then the 
Floer cohomology groups HF*(</>) are isomorphic to the quantum cohomology 
groups QH*(M), which are defined as the singular cohomology groups of M with 
coefficients in the ring of Laurent polynomials in zq, . . . , zn- 



Pair-of-pants product. The important difference between the quantum cohomology 
groups and the singular cohomology groups is that there exists a quantum cup 
product on QH*(M), which is a deformation of the classical cup product on H*(M). 
It is defined by counting holomorphic spheres in the symplectic manifold (M, oS) 
equipped with a compatible alost complex structure J with three marked points, 

u : S = S^jzo, z ii z oo\ — > M, dj{u) = du + J{u) ■ du ■ j = 0. 

Note that each such map indeed extends smoothly over the removed points using 
finitcness of energy. After applying an appropriate Moebius transform we can 
assume that the three points are zq = 0, Z\ = 1, Zqo = oo, which equips S with 
unique coordinates, i.e., kills all the automorphisms of the domain. Note that 
holomorphic maps from S to M can equivalently be described as holomorphic 
sections in the trivial bundle X = S x M — > S equipped with the product almost 
complex structure j x J on X. 

Using this bundle description it is easy to generalize the quantum cup product 
to define a product on the Floer cohomology groups of symplectomorphisms, see 
|17j . Let 7r : X^ = X/' 1 — > S denote the symplectic fibre bundle over S with fibre 
(M,u>) which has monodromy <fi ki around Zi = i = 0, 1 and <^ fc o+ fc i around = oo. 
It can be explicitly defined as the fibre product 



^( s > M~(7i(z),<^(p))' 

where the loops ji £ ^i(S) around i = 0, 1 act on the universal covering S — > S 
by deck transformations and on (M,u) by wi(S) — > Symp(Af, u), ji t-> (f> ki . For 
reasons that will become clear later we assume that all appearing symplectomor- 
phisms are powers of one symplectomorphism. 
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In order to study holomorphic sections we equip X,p with an almost complex 
structure J, which is compatible in the sense that is makes the bundle projection 
holomorphic and restricts to a w-compatible almost complex structure on each fibre 
7T _1 (z) = (M,lu). It amounts to choosing a smooth family J z of compatible almost 
complex structures on (M,u) varying over z G S which satisfies the periodicity 
condition 

J 7iW = {ct> ki )*J z , i = 0,l. 

For arbitrarily chosen fixed points xq G V(cj) ko ), x\ G P(<f> kl ) and Xca G 
V((j> ka+kl ) let M x ™ Xl = M*™ x (A) denote the moduli space of J-holomorphic 
sections u : S — > X^, (tt o u)(z) = z converging to the fixed point xi near Zi, 
t = 0,1,2, 

dju = du + J (it) ■ du ■ j = 0, lim u(z) — Xi, i = 0, 1,2 

and representing the homology class ^4 G H2{X ( f > ). Note that for the limiting 
behavior we need to fix an asymptotic marker, that is, a direction at each of the 
three punctures. Furthermore we have H 2 (X c f,) = H 2 {M) / im(l — (/>)= H 2 (M^,), 
where the first equality again follows from iri (M) = and the spectral sequence for 
the fibre bundle — > S. Similar as for the moduli spaces of holomorphic sections 
in MxM^ one can prove that the moduli spaces MxT xl are compact when the 
Fredholm index is equal to zero and can be compactified to a moduli space with 
boundary 

<•>' M X X 2 X1 = |J M'r x M% . XI u mii x x m; u m\: x - m x xo 

when the Fredholm index is one. 

From the first compactness result it follows that we can define the pair-of-pants 
product * : CF(0 fc °) ® CF(0 fel ) -)• CF((j) ko+kl ) on the chain level by 

On the other hand, the second compactness result translates into the algebraic 
result that 7k- commutes with the boundary operators, 

9o* = *o(d(g>l + l(g>d), 

which in turn proves that * descends to a map on cohomology, 

★ : HF(0 feo ) ® HF(0 fcl ) -» UF((t) ko+kl ). 

1.2. Big quantum product and Frobenius manifolds. In this subsection we 
review the small and the big quantum cup product as well as Frobenius manifolds, 
which translate the axioms of Gromov-Witten theory from algebra into geometry. 
For further details we refer to [H]. 

Small quantum product and Gromov- Witten potential. As mentioned above, the 
quantum cup product ★ : QH*(M) (g> QH*(M) — > QH*(M) agrees with the pair-of- 
pants product in the Floer theory of symplectomorphisms in the special case when 
the symplectomorphism is the identity. Since in this case there are no isolated sets 
of fixed points, we use the natural evaluation map on the (compactified) moduli 
space A4s (A) of J-holomorphic spheres in M with three additional marked points, 

cv = (ev ,evi,evoo) : M 3 (A) -> M x M x M, u \-t (u(0),u(l),«(oo)) 

to pullback classes from the target manifold. 
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For a basis of cohomology classes 9 a G H*(M), a = 1,...,K, which are again 
viewed as graded objects with grading given by \9 a \ — deg 9 a — 2, the quantum cup 
product * : QH* (M) ® QH* (M) -> QH* (M) is defined by 



ao *6 ai = V Va^.fs evg 6> Qo A ev* Ql A ev*^ ^ • 9 a 

, a a JM 3 (A) 



where r} a p denotes the Poincare pairing on H*(M). 

While the quantum cup product just involves moduli spaces of holomorphic 
spheres with three marked points, the rational Gromov-Witten potential F of 
(M, co) also takes into account spheres with more than three marked points. Here 
the moduli space M r+ i(A) of holomorphic spheres with r + 1 additional marked 
points consists of tuples (u, zq,..., z r -i, Zoo), where u : S 2 — > M is again a holo- 
morphic sphere and zo, . . . , z r -\, are marked points on S 2 . As before we assume 
that (zq, z\, — (0,1, oo) which ensures that there are no nontrivial automor- 
phisms of the sphere S 2 \{zo, z\, . . . , z r -\, Zoo} and write (u, Z2, ■ ■ ■ , z r -\) G M r {A). 

Using the evaluation map ev = (ev , . . . , ev r _i, evoo) : M. r+ \{A) — > M r+1 given 

by 

ev(u, z 2 , ■ ■ ■ ,z r -i) = (u(0),u(l),u(z 2 ),...,u(z r -i),u(oo)), 
the Gromov-Witten potential of (M, oj) is defined as the generating function 
F = F(q), q = (q u ...,q K ) given by 



( r + 1)1 /. _ev* 6 ao A...Aev*_ 1 9 cer _ 1 Aev* 00 9 aoo - q ao -...-q a 



z A . 



M r +i(A) 



Here (q\, . . . , qx) arc formal variables assigned to the basis of cohomology classes 
6\,...,6k G H*(M) with grading given by \q a \ = —\8 a \. Note that they can be 
viewed as coordinates of a linear space Q over the field of Laurent polynomials in 
Zi,...,Zff, which is canonically isomorphic to QH* (M) by identifying 9 a G QH* (M) 
with the unit vector e a = (0, . . . , 1, . . . , 0) G Q. 

Big quantum product and Frobenius manifolds. Employing gluing of holomorphic 
spheres one can show that the Gromov-Witten potential satisfies the WDVV- 
equations given (up to sign due to the integer grading of the cohomology classes) 

by 

d 3 F d 3 F _ d 3 F d 3 F 



dq ao dq ai dq aoc ' ,lXoaPa dq^dq^dq^ dq ao dq 01 dq aoo ' a °° dq Po dq ai dq 0oo ' 

where on both sides we sum over the indices aoo,/3o = 1,...,K. They can be 
interpreted as associativity equation for a family of new products. 

The idea is to use the above triple derivatives of the Gromov-Witten potential 
to define a product * q : T q Q ®T q Q — > T q Q on the tangent space at each q G Q by 

d ^ d ^ / d 3 F \ d 

dq aa 9 dq ai a °°' \dq ao dq ai dqp) dq aoo ' 

Here observe that the tangent space T q Q at each q = (qi, . . . , qx) is canonically 
isomorphic to the original space QH*(M) by identifying d/dq a with 9 a , where 
\d/dq a \ — \8 a \. The coefficient (d 3 F / dq ao dq ai dqf)){q) is given by 

7Z ~ o')\ J2 I ev*9 a0 A...Aev* oo 9 p -q a2 -...-q ar _ 1 z A . 
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The new product is called the big quantum cup product and is indeed a deforma- 
tion of the quantum product * in the sense that the latter agrees with the product 
■kg at q = (qi, . . .,qx) = 0, 

★ = * : T Q <8>r Q -> T Q . 

For this observe that 

/ 3^ F \ f 

[ an an an ) W = £ / ^ ^ A ^ ^ A W ~ ^ ' ^' 

\dq ao dq ai dqpJ ^ J m 3 {A) 

However note that the big quantum product now involves moduli spaces of 
holomorphic spheres with an arbitrary number of additional marked points, that 
is, the full rational Gromov-Witten potential of (M, u). 

Following Dubrovin, see [TS], the Gromov-Witten potential F G T (0 ' 0) Q, viewed 
as a function (=(0, 0)-tensorfield) on Q, equips the space Q = QH*(M) with the 
structure of a Frobcnius manifold. Apart from the fact that F satisfies the WDVV- 
equations, it is important that F is homogeneous in the sense that Ce F = 0, where 
Ce ■ T^ r,S ' ) Q — > 7~' r,s ' Q denotes the grading operator given by the Lie derivative 
with respect to the Euler vector field 

E = ^(2-deg^)- fe A GT< 1,0) Q. 

0q a 

Here we assume for simplicity that the first Chern class of (M, uj) indeed vanishes, 
that is, a{A) = for all A e tt 2 (M). 

The big pair-of-pants product * can be viewed as a (1, 2)-tensorfield on Q. To- 
gether with the Poincare pairing, * q turns each tangent space T q Q, q G Q into a 
Frobenius algebra. Here the unit element is d/dqi, where q± is the formal graded 
variable for the canonical zero-form 9\ = 1. 

2. Floer theory, Frobenius manifolds and integrable systems 

2.1. A differential graded manifold from contact homology. The goal of 
this paper is to show how to define a big version of the pair-of-pants product in 
Floer theory and to show how the geometrical concept of Frobenius manifolds 
needs to be generalized. It should generalize the big quantum product in the same 
way as the classical small pair-of-pants product can be viewed as a generalization 
of the small quantum product. 

Floer cohomology and cylindrical contact cohomology. Following [7] the cylindrical 
contact cohomology of the mapping torus Af^ is the cohomology of a chain complex 
generated by the closed Reeb orbits 7 of the vector field Jd s = d t in — > S 1 . 
While the closed orbits of period one are in bijection with the fixed points x in V(4>), 
note that for general k G N the fixed points in V((t) k ) are in fc-to-one-correspondence 
with closed orbits of period k when the underlying orbit is simple. Indeed, for any 
fixed point x — <fi k (x), the fixed points x, <fi(x), . . . , <fi k ~~ 1 (x) all represent the same 
orbit 7, 

7 = [*] = [fa)] = ... = [^- x (x)]. 

Observe that the Conley-Zehnder indices of 4> l {x) agree for all i = 0, . . . , k — 1 
by symmetry reasons and hence also agree with the Conley-Zehnder index of the 
orbit 7. We denote by V{4> k ) — V(<j) k )/ 1^ the set of closed orbits of period k. 
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Let C* denote the linear space generated by the closed orbits 7 of the vector 
field dt with coefficients in the field of Laurent series in the formal variable z. 
Following [7] we denote by M 1 ^- the moduli space of J-holomorphic maps u = 
(a, /) : R xS 1 -> R xM^ with f(s,t) — > 7 ± , s — > ±00, up to R-shift in the target 
and automorphisms of the domain. More precisely, we count holomorphic curves 
with asymptotic markers mapping to special points on the underlying simple orbit. 
Following [7] , the differential d : C* — > C* in cylindrical contact cohomology is then 
defined by 

9 7 - = — •^#X^(A). 7 + ^, 

where k 7 denotes the multiplicity of the closed orbit 7, see [7]. Note that, as in 
the definition of cylindrical contact homology in [7], still the multiplicity k~- and 
not k 7 + appears, since for the passing from homology to cohomology we just need 
to interchange the roles of 7 + and 7". 

Assume that the cylindrical almost complex structure J k on R x M^k in the 
definition of the Floer cohomology of <fi k is given by the pullback of the cylindrical 
almost complex structure J = J 1 on R x under the fc-fold covering of R x S 1 by 
itself. In other words, we have J k — Jkt, which in turn implies that J k is periodic 
with period 1/fc, J k +1 / k = J k ■ Then there exists a natural action of = Z/fcZ 
on HF*((j) k ) given on the chain level by i.x — 4> l (x) for i 6 Z^. We denote by 
HF((f> k ) Zk the subgroup of HF(0 fc ) consisting of elements invariant under this action. 



Proposition 2.1. The cylindrical contact cohomology of the mapping torus for 
the symplectomorphism (f) on M is isomorphic to the sum of the invariant subgroups 

HC c * yl (M ) = 0HF*(^f* 
k 

with HF*(0 fc ) Zfc = HF*(0 fc ) when <fi is Hamiltonian. 

Proof. After applying an automorphism of the domain, note that for every u G M.^- 
we can always assume that the induced covering map h — ttou:M.xS 1 ~ >RxS' 1 
is given by h(s,t) = (ks,kt) whenever £ V(4> k ). On the other hand, we 
have h*(M.xM^) = RxAf^t, where the isomorphism however is only fixed after 
choosing one of the k roots of the fc-fold covering of the cylinder by itself induced 
by R xM^h -4lxM f 

In analogy to the relation between closed orbits and fixed points, it follows that 
there is a fc-to-one correspondence between holomorphic maps in the moduli space 
A4^_ of cylindrical contact cohomology and holomorphic sections in the union of 
the corresponding moduli spaces from Floer cohomology, where the union runs over 
all fixed points x^, . . . , (f> k ~ 1 (x ± ) representing the closed orbits 7 ± . In particular, 
we have 

w v k ^ >-(*-) 

i±=0 

for 7 ± = [x ± ] = . . . = [(f> k ~ 1 (x ± )]. Note that when 7+ or 7^ is multiply-covered 
with multiplicity n y ± and hence some of the fixed points x^ , . . . , (f> k ~ 1 (x :iz ) agree, 
we still need to count them as different, since for each holomorphic cylinder in 
M 1 _ there are now k 7 ± possible directions for the asymptotic marker. 
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On the other hand, since the moduli space M.*- from Floer cohomology is 
itui 
that 



naturally isomorphic to the moduli space M^^-i for all < i < k — 1, we find 



K 



i-=0 i-=0 

for all < i + < k — 1 . Together with the above identity we find that 

* M t- = E 

i-=0 

Using this we can show that the chain map inducing the desired isomorphism is 
given by 

C* -^© fc CF*(/) Zfe , 1 ^ —( x + ... + 4> k -\x)) 

for 7 = [a;] = . . . = [(j) k ~ 1 (x)]. Indeed it follows that with respect to the above iden- 
tification the differential d : ® k CF*(4> k ) z " -> © fc CF*(0 fc ) Zfc in Floer cohomology 
agrees with the differential in cylindrical contact cohomology, 

d( — (x- + ... + cp k - 1 (x-))) 

7 x+,A i=0 

= — ' E # ^7" (^) • — ( X+ + ■ ■ ■ + <i> k ~\x + ))z A - 
7+ -A 

Note that when 7 corresponds to a bad orbit, then its contributions to the Floer 
differential are zero by symmetry reasons. 

Finally, for Hamiltonian symplectomorphisms with sufficiently C 2 -small Hamil- 
tonian (depending on k) note that all fixed points of (j> k correspond to critical 
points of the underlying Hamiltonian and hence are already fixed points of <f>. It 
follows that HF*(</> fe ) Zfc = HF*f> fe ) = QH*(M) for such small Hamiltonian sym- 
plectomorphisms. From the invariance properties of Floer homology we then get 
HF*O fe ) z * ~ QH*(M) = HF*O fe ) and hence HF*f> fc ) z * = HF*(/) for all Hamil- 
tonian symplectomorphisms. □ 

Recall that the pair-of-pants product defines a product on the direct sum of the 
Floor cohomologies of all the different powers of <f), 

* : 0HF*(0 fe ) ® 0HF*(0 fe ) -+ 0HF*(0 fe ). 

k k k 

Using the above relation between cylindrical contact cohomology and Floer coho- 
mology, we can show that the pair-of-pants product indeed defines a product on 
cylindrical contact cohomology. For this we just need to show that the pair-of- 
pants product restricts to a product on the sum of the invariant subgroups of Floer 
cohomology. 

Proposition 2.2. The pair-of-pants product restricts to a product on the sum of 
the subgroups of invariant elements © fe HF*(0 fc ) Zfe and hence defines a product on 
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cylindrical contact cohomology, 

* : HC c * yl (M ) ® HC: yl (M ) -> HC^(M^). 
Proof. Similar as for holomorphic sections in Ix M^k , one can identify elements 
in the moduli spaces for < i < fcoo — 1 by composing 

the holomorphic sections in the symplectic fibre bundle X$ = X^°' kl from the first 
moduli space with the corresponding power <fi l of the symplectomorphism in the 
fibre. With this it immediately follows that the coefficient in front of some fixed 
point Xoo of the pair-of-pants product of two invariants elements in (J) fe HF*(</> fe ) Zfc 
agrees with the coefficient in front of (j> l (xoo) for all < i < — 1. In other words, 
the product is again an element in HF*(0 fc ) Zfe . □ 

Introducing again formal variables g 7 for each closed orbit 7 S {Jk^i^) 
with opposite grading \q 7 \ — —\-y\ = — CZ(-y) — 2(dimM — 2) such that 
X) 7 Qjl € Ho({J k V((f> k )) is homogeneous of degree zero, observe that the chain 
space C* of the cylindrical contact cohomology of the mapping torus M^, 
C* = ©feCF*((/) fe ), can be identified with the tangent space To Q at zero of 
an infinite-dimensional linear coordinate space Q by identifying 7 G C* with 
d/dq-y G Tq Q. Then the pair-of-pants product on the chain level provides us with 
a map ★ : XbQtgToQ — > To Q, where To Q denotes the tangent space to Q at 
q = (q 7 ) = 0, which commutes with the differential d : To Q — >■ Tq Q in cylindrical 
contact cohomology. 

The desired deformed version of the pair-of-pants product should then provide 
us with a family of maps * q : T q Q ®T q Q — > T q Q on each tangent space, that 
is, defines a (l,2)-tensor * G T^ 1 ' 2 ' Q on the coordinate space Q. On the other 
hand, in same way as the big quantum product counts holomorphic spheres with 
an arbitrary number of marked points, the big pair-of-pants product should count 
holomorphic sections in an appropriate symplectic fibre bundle with fibre (M, w) 
over a punctured sphere with an arbitrary number of marked points. 

It is well-known that the pair-of-pants product satisfies relevant properties 
like associativity and commutativity only after passing to Floer cohomology, 
i.e., cylindrical contact cohomology. Since the big pair-of-pants product should 
count holomorphic curves approaching an arbitrary number of fixed points, it is 
natural to assume that the differential of the correct homology theory also counts 
holomorphic curves with an arbitrary number of cylindrical ends. The central idea 
of the paper is that, by passing from the small to the big pair-of-pants product, 
on the underlying space of formal variables q-y the cylindrical contact homology 
differential needs to be replaced by differential of full contact homology of the 
mapping torus. 

Contact homology and differential graded manifolds. Following [7] and [S], the full 
contact cohomology of is defined as the cohomology of the chain complex 

HC* {M 4> )=H*{%d), 

where the chain space 21 consists of polynomials in the variables q 7 , 7 G lj fc P(4> k ) 
with coefficients which are Laurent series in zq, . . . , Zjv- Note the grad- 
ing of the variables q~ t differs from the original grading in 7 by sign, 
|<7 7 | = — I7I = — CZ(7) — 2(dimA/ — 2), in order to be consistent both with 
the original definition of Floer cohomology as well as the definition of cohomo- 
logical vector fields and differential graded manifolds in [3]. While this does not 
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change the computed (co)homology but just changes sign in the grading, we will 
continue to speak about (cylindrical) contact homology, see also the remark after 
the proof of theorem 2.2 below. 

For the differential let 7+ e V(4> k ) and T = (70, . . . , 7, — 1) be an ordered set 
of closed orbits % £ V{4 > *), i — 0, ... ,r — 1 with ko + . . . + fc r -i = k. Then 
the moduli space A4 1+ (T) = M. 1+ (T, A) consists of equivalence classes of tuples 
(it, Zo, . . . , Z7—1) with equivalence relation given by the action of the automorphisms 
of the domain and the M-action on the target, see [JJ for details. 

Here (zq, ■ ■ ■ , z-r— 1) is a collection of marked points on C = S ,2 \{co} and u 
is a J-holomorphic map from the punctured sphere S = C \{zo ■ ■ • j ^r-i} — 
S 2 \{z . . . , z r _i, = 00} to ExM^. It is required to converge to the 
closed orbit 7+ near 00 at the positive end and 7$ G V{<j) ki ) near Zi, 
« = 0, . . . , r — 1 at the negative end of the cylinder, such that the induced 
map /[ = !rou: S-JlxS 1 = S' 2 \{0, 00} defines a branched covering with 
branching points 00 over 00 of order k and Zi of order ki, i = 0, . . . ,r — 1 over 0. 

In order to be able to introduce coherent orientations and domain-dependent 
Hamiltonian perturbations, as discussed in the appendix, we assume again that 
there is an asymptotic marker at each puncture which gets mapped to the special 
point on the closed orbit of dt = Jd s corresponding to the fixed point. Since the 
special point determines a unique asymptotic marker, note that this does not 
change the moduli space. 

When r consists of a single orbit 7", then we just get back the moduli spaces 
of cylindrical contact homology from before, M 1 (7") = -M^_. It is again shown 

in pQ that the moduli space Ai 1+ (T, A) is compact when the index is one and, 
when the index is two, can be compactified to a one-dimensional moduli space with 
boundary 

d 1 m 1+ (r, A) = \J M 1+ (r', A') x .A/p(r", A") 

formed by moduli spaces of the same type. 

The differential d : 21 — > 21 is then defined using the Leibniz rule by 

T,A 

with q r = q l0 ■ . . . ■ <7 7r _ 17 n r — k 7o • . . . • K lr l and the sum just runs over tuples 
(r, A) where the moduli space has the right dimension. For the combinatorical 
factor recall that in our modified setup we have k special points on each closed 
orbit of period fceN (corresponding to the fixed points 7, ^(7), . . . , (f> k ~ 1 (j)), so 
that we need to cure for this overcounting as in the case of cylindrical contact 
cohomology. Note that when each of the fixed points is one-periodic, we again 
arrive at the original definition from [7]. 

The above compactness result for one-dimensional moduli spaces translates 
into d o d — 0, so that HC*(M0) = i?*(2T,<9) is well-defined. By combining 
the invariance proof for contact homology in [7J (where it is shown that it is 
independent of the choice of contact form) with the invariance proof in Floer 
cohomology and hence in cylindrical contact cohomology, it can further be shown 
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that HG*(M c f > ) is not only independent of the choice of cylindrical almost com- 
plex structure, but also depends on <f> only up to Hamiltonian symplectomorphisms. 

For the geometrical interpretation of the big pair-of-pants product, which we will 
define in the next section, we need a more geometrical view of contact homology. 
For this observe that the chain algebra 21 can be identified with the algebra 7"'- ' '' Q 
of (polynomial) (0, 0)-tensor fields (=functions) on the underlying coordinate super 
space Q. On the other hand, the differential d : T^ ' ^ Q — > 7^ ' ' Q is given by 
the vector field 

Proposition 2.3. The pair (Q,X) defines a (infinite- dimensional) differential 
graded manifold Q x . 

Proof. For the definition of a differential graded manifold we refer to [3] . The master 
equation d o d = for the differential d : 21 — s> 21 translates for the corresponding 
vector field X e T (1,0) Q into the identity 

[X,X] = 2X 2 = 0. 

Here [•, •] denotes the Lie bracket on vector fields and the first equality follows from 
the fact that X is homogeneous of degree +1 , \X\ = +1. In other words, X is an 
odd cohomological vector field (in the sense of [3]) and hence defines a differential 
graded manifold Q x . □ 

Note that the differential graded manifold Q x is formal in the sense that we 
do not specify a topology on Q and hence on Q^. Nevertheless, the important 
property for us is that on the differential graded manifold Q x one still has 
functions 7 - '' ' ' 1 Q x and vector fields 7 - ' 1 ' ' Q x , which in turn can be used to 
define arbitrary tensor fields T^ r ' s > Q x . 

First we use the fact (already observed in [7] in the section on satellites) that 
the above identity for X implies that the Lie derivative defines a differential on 
arbitrary tensor fields T^ r,s ^ Q, 

£x ■ T (r ' s) Q -> T (r ' s) Q, £ x o£ x = 0. 

While T (0 ' 0) Q x agrees with contact homology, the space of vector fields T (1 ' 0) Q x 
is defined using the Lie derivative, 

T (0 ' 0) Q X := H*{T [m Q,C x =X), T (1,0) Q X := ff*(T (1,0) Q,£x = [X, ■}). 

On the other hand, since the Lie derivative commutes with the contraction of 
tensors, we find that this also holds for arbitrary tensor fields, 

T (r * s) Q x = H*(T (r < s) Q,£x)- 

We end this subsection with discussing the relation between the differential 
graded manifold from contact homology and the affine manifold structure of 
cylindrical cohomology. In order to clarify the role of homology and cohomology, 
we refer to the remark at the end of the proof of the theorem below. 

Observe that the contact homology differential naturally can be written as an 
infinite sum, X = Y]^-i X r , where X r 6 T - ' 1 ' ^ Q contains only those summands 
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with g 7 -monomials of length r. In particular, it follows that the first summand X\ 
agrees with the differential in cylindrical homology, 




Using this we can prove the following 

Theorem 2.4. For each (r, s) £ MxM there exists a spectral sequence computing 
the tensor field homology — T^'^ Q x with E^-page given by the corresponding 
space of tensor fields on the affine manifold of cylindrical contact cohomology, E 2 = 

r (r ' s) q Xi =r (r ' s) Hc c * yl . 

Proof. The result uses the spectral sequence for filtered complexes. The corre- 
sponding filtration subspaces T>/' ) Q C T^ r,s ^ Q are spanned by q r d/dq r+ (E>dq r 
with #r > I. While it is easy to see that the Lie derivative Cx respects this 
filtration, we furthermore have that Cx r maps T ( ;f Q to T^;l r _ x Q. On the 
other hand, the statement that 7~( r ' s ) Q x = 7~( r ' s ) HC* yl , that is, the differen- 
tial graded manifold Qx x agrees with the affinc manifold of cylindrical contact 
cohomology, follows immediately from the definition of the Lie derivative with 
respect to Xi using X 1 (q 1 +) = £ 7 -,a ^tt {A) ■q 1 -z A , [X l ,d/dq 1 -] = 

E j+ ,a^M^(A)- d/dq 1+ z A . □ 

Remark: Note that while the first formula for the coordinates g 7 is the differential 
in cylindrical contact homologythe second formula for the tangent vectors d/dq 7 
(corresponding to points 7) is the differential in cylindrical contact cohomology 
from before. Since the grading of q 1 and djdq 1 differs by sign, both differentials 
raise the grading by one. 

2.2. Big pair-of-pants product. 

Holomorphic maps and sections. In this section we define the big version of 
the pair-of-pants product using the differential graded manifold from contact 
homology. As a starting point, we relate the moduli spaces of holomorphic sections 
needed to define the pair-of-pants product with the moduli spaces of holomorphic 
curves appearing in the differential of contact homology. 

For this recall that the moduli space M la ° (70, 71) from contact homology 
consists of maps u = (a, /) : S = 5 2 \{0, 1, 00} — > K xM^ with f(z) — > ji as z — > i, 
i = 0, 1, 00, up to K-translation in the target. Here we use that after fixing z = 0, 
z\ = 1 there are no nontrivial automorphisms of the domain. Furthermore every 
map u determines a branched holomorphic map h : S RxS 1 ^{0,00} 
which can be extended to a map from S 2 to itself with zq, z\ being branch points of 
order fc , k\ over and z,^ a branch point of order fcoo = k + k\ over 00 whenever 

With our choice of coordinates given by z = 0, z\ = 1 and = 00, every such 
map is given by h(z) = a ■ z k °(z — l) fcl for some a G C* = R xS 1 . This in turn 
defines a map from the moduli space Al 7oo (7o,7i) to the circle (after dividing out 
the R-shift on the target), 

tt: A4^(7o,7i)^^- 

With this we define the submoduli space ■Mj^ 11 of A4 7oo (7o,7i) to be the fibre 
over € S 1 (a — 1), i.e. M7 I ^ 11 consists of maps u G M 700 (70, 71) such that the 
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induced branched covering map h — irou : S 2 — >• S 2 is given by h{z) = z k °(z — l) kl . 

Note that this choice of a submoduli space is coherent with respect to compact- 
ness and gluing in the sense that the induced embedding of 

Mir >< U^ 7 x M^UM^ x Ml 

into 

x Ai^( 7o , 7l ) U Ai v ( 7o , 7) x Ai; U Ai 1 " (7, 7l ) x M; 
defines an embedding of the codimension-one boundary of ,M^° 7l into the 
codimension-one boundary of .M 7oc (70, 71 )• 

Proposition 2.5. Using the new submoduli spaces 7W 7 ~ 7l , the pair-of-pants prod- 
uct on cylindrical contact cohomology can be defined on the chain level by 



A ■-jo "71 

7oo 

Proof. Comparing the monodromy around the punctures, it is easy to see that the 
symplectic fibre bundle /iq(M xM^) over S = S 2 \{0, 1, 00} given by the preferred 
map ho(z) — z k °(z — l) fel is isomorphic to the symplectic fibre bundle X^ = X^ ' 1 
used in the definition of the moduli spaces M*™ Xl with [xi] = ji, i = 0,1, 00, 
equipped with the pullback almost complex structure J z = Jh (z)- As in the proof 
of the isomorphism between cylindrical contact cohomology and Floer cohomology, 
note that this isomorphism however is only fixed after choosing one of the k roots 
of the fc-fold covering of the S 2 by itself given by ho . 

As for the moduli spaces of cylinders it follows that there is a fc-to-one correspon- 
dence (k — fcoo) between holomorphic maps in the new submoduli space M7 fg ^ ni 
and holomorphic sections in the union of the corresponding moduli spaces from the 
original definition of the pair-of-pants product, where the union now runs over all 
fixed points Xj, . . . , (f) ki ~ 1 (x i ) representing the closed orbits 7* with i = 0, 1, 00. In 
particular, we have 

# A/poo - A v V V M* ieo( - Xoo) 

io — i\— ioo— 

for 7^ = [xi] = ... = [(j) ki ~ 1 (xi)], i = 0,l,oo. Note that when one of the ji 
is multiply-covered with multiplicity n 7i and hence some of the fixed points 
x^ . . . , (f) ki ~ 1 (x i ) agree, we still need to count them as different, since for each 
holomorphic map in M7 f0 < ' ni there are now K li possible directions for the asymptotic 
marker. 

On the other hand, since the moduli space M Xo ^ Xl from Floer cohomology is 
naturally isomorphic to the moduli space M^S*™?^^^ for all i G N, we find that 

ko — lfci — 1 ko — lfei — 1 



£*°°(Xoo) 

)(x o ),0 i i(xi) 
io — ii— 2o— ii=0 



X X ^ ■^4^)(x )^ i Hx 1 ) ^ E E #- / ^0 i o( 



for all < ioo < fcoo — 1. Together with the above identity we find that 

ko — 1 ki — 1 

#•^70^71 = X X ^' A/ '^(io),fi(ii) ' 
io=0 ii=0 

Using this we can show that the pair-of-pants product is given as in the state- 
ment. In order to translate the pair-of-pants product from Floer cohomology to 
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cylindrical contact cohomology, we use that the isomorphism between HC* y j(Af0) 
and KF* (4> k ) Zk is given on the chain level by the chain map 



C* ^© fe CF*(/) Zfc , 7 ^ — ( x + ... + ( f ) k -\ x )) 
for 7 = [x] = , . . = [(/> fc_1 (^)]. With this we can compute 

Ajq — 1 1 k% — 1 



(-f E^o))*(-f 

fco-lfci-1 

E EE#^ w Wf 
E #-m;- 71 (^)- w 4 



K 7o K 7i 7ooi A 



□ 



Note that with this new definition, it follows that the small pair-of-pants prod- 
uct now commutes on the chain level with the differential in cylindrical contact 
cohomology. 



New moduli spaces .M 7 " 7l (r). We emphasize that the request for special choices 
of almost complex structures will not be a problem for transversality, since we have 
shown in [5] (see the appendix) that it suffices to introduce domain-dependent 
Hamiltonian perturbations. The key observation in the proof is that there is 
a preferred map from the holomorphic sphere with three marked points to the 
cylinder using the canonical coordinates determined by the three points. When 
there are more than three marked points on the sphere, such canonical coordinates 
only exist whenever one selects three marked points from the given r marked points. 

Let us assume that we use the first two and the last marked point to define 
coordinates by setting zq = 0, z% — 1 and z^ = oo. Observing that there are 
again no nontrivial automorphisms of the domain, every element (u, zq = 0, z\ = 
1, z-2i ■ ■ ■ , z r -i, Zoo — oo) in the moduli space A4 7 °° (70, 71, T) defines a branched 
holomorphic map h — ir o u : S — S 2 \{zq, . . . , z^} -^IxS 1 given by 

r-l 

h(z) = a ■ ~[[(z ~ Zl ) k ' = a ■ z ka ■ [z ~ l) kl ■ . . . ■ (z - Zr^fr-K 

After dividing out the R-translation of the domain and viewing a S C* = K xS 1 , 
every J- holomorphic curve in A4 7 °° (70, 71, T) hence still defines a point on the 
circle, which shows that there still exists a map M 7 ™ (70, 71, T) — > S 1 . 

Definition 2.6. For any choice 0/70, 71, 700 and F, we define _A/f 7 ^ 7l (T) to 
be the fibre over G S 1 of the map _M 7o ° (71, 72, T) — > S 1 defined above. In other 
words, the moduli space A / f 7 " 7l (T) consists of holomorphic maps (u, z 2 , ... , z r -i) £ 
■M 7o ° (71, 72, r) such that the induced branching map h = n o u : S = 
S 2 \{0, 1 , z 2 , ■ ■ • , z r -i,oo} -> IxS 1 is given by the preferred map h{z) = ho(z) = 

rrr-l / \k. 
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Big pair- of -pants product. In view of the above proposition, the new moduli spaces 
•^70^71 (r) are generalizations of the moduli spaces M7 t ^ 7l used for the definition 
of the pair-of-pants product in the sense that 

M lo ° = M 1 ™ (0) 

that is, they appear as special case when T = 0. On the other hand, they count 
holomorphic curves with an arbitrary number of punctures. In order to see that 
they contain the objects that we want to count (see the discussion in the last 
section), we observe that every J-holomorphic map (u, Z2, ■ ■ ■ , £r-i) in the moduli 
space A4 7 ~ 7l (T) can be viewed as a holomorphic section in the symplectic pullback 
bundle /iq(R xM^) over the punctured sphere S = S' 2 \{0, X,Z2, ■ ■ ■ , oo} given by 
the preferred branching map h : S — )• M x S , ho 

CO = FC=o Together 
with proposition 2.5 this motivates the following definition. 

Definition 2.7. On the chain level, the big pair-of-pants product (for the sym- 
plectomorphism cf>) is defined to be the (1,2) -tensor field * G T (1 ' 2) Q on £/ie super 
space Q given at each point q = (o/ 7 ) 6 Q by * q : T q Q ®T q Q — > T q Q with 

<9o 7n dg 71 (r-2)!« 70 K 7l K r 7o ' 71 1 <9o 7oo 

In analogy to Gromov-Witten theory, from 7W 7 ~ 7l = Mlj^ rll (0) it follows that 
the big pair-of-pants product is indeed a deformation of the classical pair-of-pants 
product in the sense that at q = (q 7 ) — it agrees with the small product, 

7^*°/- = E^--(E#^7!^)- * A )J— 

<9°7o d qil ^ k 70 k 7i / 9g 7oo 

Like for the small pair-of-pants product, we can only expect the big pair-of-pants 
product to satisfy algebraic properties like associativity and commutativity when 
viewing it as an element in some cohomology. The main step is to show that the big 
pair-of-pants product indeed defines an element on cohomology, that is, descends 
from the super space Q to the the differential graded manifold Q x from contact 
homology. 

Theorem 2.8. The big pair-of-pants product * G 7~~ Q and the homological 
vector field X G T^ 1,0 -* Q from contact homology satisfy 

In particular, the big pair-of-pants product defines an element in the tensor homol- 
ogy iJ*(T^ 1,2 -' Q, Cx)> and hence descends to a (1, 2)-tensor field * G T^ 1,2 ^ Qx on 
the differential graded manifold Q X; 

*:T (1 < 0) Q x ®r (1 < 0) Q x ^T (1 - 0) Q x . 

Of course, the proof of the theorem relies on the translation from geometry into 
algebra of a compactness result for the new moduli spaces. This is the content of the 
following lemma. We emphasize that all occuring products of moduli spaces are to 
be understood as direct products as in [7] , see also the appearance of combinatorical 
factors in the subsequent proof of the theorem. 

Lemma 2.9. The moduli spaces .M 7 ~ 7l (r) can be compactified in such a way that 
the codimension-one boundary has the following components 

(1) x;r 71 (r') x AT(r") with 7 g V, 

(2) -M 7 71 (r) x M^fjuM^fr') x m~<{t") with 7o , 7 i e r", 

(3) M J °°{T') x M: (0 7l (r") with 7 e r. 
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Proof. First, it is just a combinatorical exercise to deduce from the compactness 
result for the moduli space for contact homology stated above that the codimension 
one boundary of the moduli space _M 7o ° (70, 71, T) has the corresponding compo- 
nents 

(1) yw 7 ~( 7 o,7i,r') x M 7 (r") with 7 e r, 

(2) yW 7 ~(7, 7l ,r') x M~<{T") UM 7 ~( 7o ,7,r') x M J (T") with 70,71 G T", 

(3) A4 7 ~(r') x yw 7 ( 7o ,7i,r") with 7 e r. 

For this observe that after splitting up into a two-level holomorphic curve either the 
three special punctures still lie on the same component (which leads to components 
of type 1) or there are two special punctures on one component and one special 
puncture on the other component (which leads to components of type 2 and 3). 

Then it remains to prove that the map from the moduli space A4 J °° (70, 71, T) 
to the circle, used to define .M 7 ~ 7i (r), is again compatible with compactness and 
gluing of moduli spaces. Here we need to show that the preferred map on the 
smooth curve converges to the preferred map on the component carrying two or 
three special marked points. Since the preferred holomorphic map is selected by 
the choice of special coordinates on S 2 given by the three special marked points, 
one must study the degeneration of the underlying curve to a singular nodal curve 
as seen from these special coordinates. For this we distinguish as above between 
the first case where all special punctures sit on one component (type 1) and the 
second case where they split up (type 2 and 3). 

First case: Assume for simplicity that in the limit the marked points z r >, . . . , z r -\ 
(r' < r) sit on the second component. Viewed from the coordinates given by zq = 0, 
z\ = l and = 00, it follows that these marked points must converge to a single 
point different from the other marked points, 

Z T i , . . . , — 1 ?• Z £ S \ { Zq , . . . , Z T < — \ , Zqq } • 

With this it follows that the preferred map ho : S 2 \{zo, . . . , z^} converges to a new 
preferred holomorphic map h' : S 2 \{zo, ■ • ■ , z r >-\, z' , Zoo} — > R xS 1 given by 

h' (z) = z k «(z - l) kl • . . . • (z - z^.i)^'-! • (z - z') fe ', 

where the multiplicity for z' is given by the sum of the multiplicities of the marked 
points converging to it, 

k — k>p* ~\~ . . . ~\~ k^ — \. 

Second case: Here we assume without loss of generality that in the limit the 
marked points z r > , . . . ,z r -i (r ; < r) and the special marked point z\ sit on the 
second component. Viewed from the coordinates given by zq — 0, z\ — 1 and 
Zoo = 00, it follows that z r >, . . . , z r _i must converge to z\ = 1, 

z r > , . . . , z r —\ y Z\ 1. 

With this it follows that the preferred map ho ■ S 2 \{z , . . . , Zoo} now converges to 
another new preferred holomorphic map h' : S 2 \{z , z\, . . . , z r >-i, z^} -4 IxS 11 
given by 

ti (z) = Z k °(z-lf ■...■(Z-Z r ,- I ) k r'-1, 

where the multiplicity for z\ = 1 is again given by the old multiplicity plus the sum 
of the multiplicities of the marked points converging to it, 

k - — - k\ ~\~ kf' ~\~ . . . ~\~ kf—\> 



□ 
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For the proof of the theorem it remains to translate the geometrical result of the 
lemma into algebra. 

Proof, (of the theorem) Using the definition of the Lie derivative of higher tensors, 
we obtain for any choice of basis vectors d/dq l0 , d/dq 7l € T*- 1,0 - 1 Q and forms 
dq 7oo 6 r (0>1) Q that 



- * C C x ® 7^- ® dq Joo ) 

- (-» h - l *(4:» £ -s^ 9 *-) 

Now using the definition of ★ € T (1 ' 2) Q, 
we find that the first summand is given by 

(r 2j! /v-y /v-y 1 ^ 70 ' U ' 



Fj4 v ■•'70 ""71 ' 



Together with 



C xqi = X( Qj ) = J2±^M^(T,A) ■ q T z A 



and using the Leibniz rule, we find that the first summand is precisely counting 
the boundary components of type 1, M7 I ^ 11 (V) x M.~<{T"). For the combinatorical 
factors, observe that there are k 7 ways to glue two holomorphic curves along a 
multiply-covered orbit 7. 

For the other summands, we can show in the same way that they correspond to 
the other boundary components. 

Indeed, using 

c x /- = %l = j;j;^iAf(( 111 ii 1 A^.A 

dq 10 dq 1() ^jr^r\n 70 K r dq^ 

(and similar for 71), it follows that the second and the third summand correspond 
to boundary components Ml^V) x M J {T") and M7£ 7 (T') x WiT") with 
70, 71 € T" of type 2. For the combinatorical factors we refer to the remark above. 

Finally, using 

d \ , 1 , fdX 



(^^-)(^) = -(- 1 )"- l *-(^) 
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we find that the last summand corresponds to boundary components Ai lo °(T') x 
M7 foni (T") with 7 e T' of type 3, where the combinatorical factors are treated as 
above. □ 

Before we turn to the corresponding generalization of the Frobenius manifold 
concept, we discuss the relation between the big pair-of-pants product and the 
(small) pair-of-pants product. While we have already seen that the small pair-of- 
pants product *o : To Q ®?o Q > Tq Q agrees with the big pair-of-pants product 
* € T (1,2) Q at q = (g 7 ) = on the chain level, the following statement on coho- 
mology is a nontrivial consequence of the vanishing of the contact homology vector 
field X E 7"( 1 ^°) Q a t the origin q = in Q. Using the latter, we can prove that 
there is a well-defined restriction map for tensor fields in T (r,s) Q x a t the origin 
e Q. 

Theorem 2.10. At q — the big pair-of-pants product * e T^ 1 ' 2 ' Q x = 
iJ*(7"( 1 ' 2 ) d,Cx) restricts to the small pair-of-pants product *o : HC cy i ® HC cy i — > 
HC cy i. 

Proof. For the proof we show that the Lie derivative of a tensor field a £ T' 1 ' 2 ' Q in 
the direction of X at q = can be computed from the restriction of the tensor a = 
a | g= o at q = and the cylindrical contact cohomology differential d : T Q ®T Q — > 
T Q, 

(C x a)| g= o = a o (d ® 1 + 1 ® d) - d o a . 

As we mentioned above, this result crucially relies on the fact that X = at q = 
and clearly holds for arbitrary tensor fields. 



First, using the definition of the Lie derivative for tensor fields, we find that 



d 



(Cxa ^=°(dq, 



d 



9=0 dq lQ 

d 



®d« 7 J,=o) 

9=0 ' 



is given by 



(*(«( 



dq la 
(a(Cx 



d d 



dq lQ dq la 

dq loo )) 



d 97oc)) 



9=0 



dq, 



9=0 



dq~f dq m 

d 



dq 1 



(_1)|9toI^ 

(_1)|9toI+I«ti I (a(^ 



d ?7oo)) 

d 



q=0 



d 

dq 



in 

d 



9=0 



70 



rf ?7oo)) 



9=0 



Now employing that X\ q —Q = since there are no holomorphic planes, we find 
that the first summand involving the derivative of a vanishes and only the other 
summands involving only the value of the tensor field at the point zero remain, 



(-l)l**>la (- 



i) 



9=o dq 7 



c) 



<dq JO 

(-1)1970 1 + 197! l aQ ^ 









( ^ X <9g 7l ) 


9=0 





9=0 dq, 



Q Orf? 7oo |g=o) 

® dq 7oo \ q=0 ) 
=0 ® ( £ x dg 7oc )l9=o)- 
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With the observation that the cylindrical contact cohomology differential d is given 
by <9 : T Q T Q, 



d 



0=0 V Oq~- ) o=0 OQ^- 0=0 ^ K^- 



q =0 dq, 



q= ° r^A^~ ^ ' 9q 



0=0 



the claim follows. □ 

Remark: Note that the same proof shows that one can define a deformed version 
* 0o of the small pair-of-pants product at all points qo G Q with X(q ) = 0. It lives 
on the deformed cylindrical contact homology HC cy i, 0o = H*(T qo Q,d qo ) with the 
same chain space T qo Q = T Q but deformed differential given by 



d qo : T qo Q T qo Q. 



dX 
dq 7 



2.3. Cohomology F-manifolds. Note that a unit can be added in by allowing 
additional marked points on the holomorphic curves which are unconstrained (in the 
sense that one integrates over the moduli space the pullback under the evaluation 
map of the canonical zero-form 1 G H°(M) = H ^ 1 , H a (M))), and enlarging the 
coordinate space Q by a new coordinate qi keeping track of these additional points. 
Since this does not add new contributions to the contact homology vector field X, 
we have 

C *7T =° 
oqi 

and hence d/dqi G T^ 1,0 ' Q x O n the other hand, the big pair-of-pants product 
tensor ★ now additionally counts rigid orbit cylinders with one marked point, which 
shows that d/dqi is indeed the unit for the * g -product on each tangent space T q Q. 

Furthermore we observe that, as for the Frobenius manifolds in Gromov-Witten 
theory, we can define a so-called Euler vector field on the chain space Q of the sum 
of the Floer cohomologies. In order to ensure that we really get a vector field on 
Q, from now on we want to restrict to the case of vanishing first Chern class, that 
is, we assume that C\(A) — for all A G ^(M). Under this assumption the Euler 
vector field E is given by 

= X^(- C.7.M - 9/Vli™ M - 9\\ . n — U 9 . n, — a T^O) , 



E = ^(-CZ( 7 )-2(dimM-2)). ? 7 — + 2- Ql — eT^ U) Q. 
With this we now can state the main theorem of the paper. 



Theorem 2.11. The tuple (Q,X,*,e,E), consisting of the coordinate super space 
Q and the differential vector field X of contact homology, the big pair-of-pants 
product the unit vector field e — d/dqi and the Euler vector field E, defines a 
cohomology F-manifold in the sense that 



• Q is a Z-graded vector space, 

• EG T^ 1,0 ' Q is an Euler vector field in the sense that Ef = \ f\f for all 
homogeneous functions f G T^ ' ^ Q, 

• X G T (1 ' 0) Q satiesfies [X,X] = 2X 2 = 0, [E,X] = X and X(0) = 0, 
so that (Q,X) defines a differential graded manifold Q x with a grading 
operator Ce ■ T^ r ' s ^ Q x ~ * T^ r '^ Q x given by E and a restriction map at 
the origin G Q for all tensor fields, 
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• * G 7 - *- 1 ' 2 Q satisfies £x* = and £e* — 2*, and the induced map 
•k : T^ 1 ' ^ Qx ® T^ 1 ' ' Qx ~~ ^ T 1 " 1 ' ^ Qx * s a graded commutative and 
associative product, 

• e = d/dqi G T (1:0) Q satisfies [X,e] = and e G T*' 1 ' ' 1 Qx * s a / or 
the multiplication given by *. 

Remark: In his papers, Merkulov is working with different definitions of cohomology 
F-manifolds and Foo-manifolds, a generalization of cohomology F-manifold making 
use of the higher homotopies of the product. The definition used in this paper is an 
adaption of the definition of cohomology F-manifolds from [13] in view of the origi- 
nal definition of Foo-manifolds from the first paper [12 . Note that Merkulov allows 
Q to be any formal pointed graded manifold, which is more general in the sense 
that each (graded) vector space naturally carries the structure of a formal pointed 
(graded) manifold with the special point being the origin, see (TT]. Furthermore, 
we remark that our cohomology F-manifolds are indeed infinite-dimensional and 
formal in the sense that we do not specify a topology on them. 

Proof. The proof splits up into three parts. 

Commutativity: In order to prove that (up to sign determined by a 7o | and |o 7l |) 

dq 70 9 <9g 7l dq 7l 9 dq la x 

on cohomology (!), we construct a homotopy connecting the moduli space 
At~™ 7l (r) with the moduli space .M 7 ~ 7o (r). While the ambient moduli spaces 
A / l 7oo (7o,7i,r) and .M 7oo (7i,7o,r) from contact homology can naturally be iden- 
tified, note that the choice of coordinates given by the three punctures and hence 
the preferred map used to define 7W 7 ~ 7l (r), _M 7 ;*; 7o (r) inside M loa (70, 71, T), 
M. la ° (71, 70, r) depends on the ordering of the two special punctures. 

In order to obtain the desired homotopy, it suffices to choose a homotopy from 
(zq = 0, z® = 1, Z2, ■ ■ ■ , Zoo = 00) to (zq = 1, z\ = 0, Z2, ■ ■ ■ , Zoo = oo), that is, two 
non-intersecting paths [0, 1] — > S 2 \{z2, . ■ . , 00}, t H» Zq, z\ from to 1 and 1 to 0, 
respectively. With this we can define the connecting moduli space 

^CnCT) : = U M1 i7aS V ) c -M 7 ~(7o,7i,r) x [0,1], 

0<t<l 

where for each t G [0, 1] the submoduli space JvCL^L consists of holomorphic curves 
(u, Zq, z\ , z 2 , . . . , Zoo) G A^ 7o ° (70, 71, r) such that the induced branched covering 
map h = tt o u : S 2 \{zq, z\,z 2 , Zoo} — > K xS* 1 agrees with the preferred map 
given by (z t ,z\,z 2 , . . .,Zoo). 

Since the boundary of any one-dimensional moduli space Ml 7l (r) consists of 
the moduli spaces A^ 7 ~ 7l (r), 7W 7 ~ 7o (r) and moduli spaces of two- level curves 
whose contribution can be algebraically expressed using the Lie derivative with 
respect to the contact homology vector field X, we obtain a homotopy in the 
algebraic sense of [7] , which proves that the product is graded commutative on the 
level of cohomology. 



Associativity: Using commutativity we want to show that (again up to sign) 
/ d d \ d / d d \ d _^ n \ _ 
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For this we need to compare the count of elements in the product moduli 
spaces M^ 0)7 o(r') x M^ } (T") and M^^iV) x M^ (T") appearing as 
coefficients in the series expansion of the double product. For a sufficiently 
large gluing parameter R > their count agrees (on the chain level) with the 
count of elements in the submoduli spaces 7W 7o °'{? i(r) and _A4 7 °°'f (r) 01 

* 70,7l',7| v ; 7o,7|:7i ,v ' 

-M 7o ° (70, 7° , 7{, r), M la ° (70, 7! , 7° , r), respectively. They consist of holomorphic 
maps (it, Zq — 0, z®, z\, Z2, ■ ■ ■ , Zoo = 00) such that {z\,z\) = (l/i?,i?) and such 
that again iou agrees with the preferred holomorphic map given by the given 
coordinates on S 2 . Using the natural identification of M la ° (70, 7° , 7* , T) with 
•A / i 7oo (7o,7i,7i,r), get that we just need to interchange the coordinates of z® and 
z\ to get from one moduli space to the other. As in the proof of commutativity we 
can show that the count of elements hence agrees after passing to homology. 

Grading: The fact that the big pair-of-pants product counts holomorphic curves 
with Fredholm index two (they are virtually rigid after dividing out the K- as 
well as the S 1 -symmetry on the map to the cylinder) translates directly into the 
equation Ce* = 2*. In the same way it follows from the fact that the contact 
homology vector field is counting holomorphic curves with Fredholm index one that 
Ce X = [E,X] = X. Now it follows from the Jacobi identity and the definition of 
Lie bracket for arbitrary tensor fields that 

[£e,£x] — £[e,x] — £x ■ 
For every tensor a G T r ' s Q hence Cx a = implies Cx Ce& — and Ce £-x ol is 
£x-exact. While the Euler vector E itself due to Cx E — — Ce X = —X ^ does 
not descend to cohomology, it follows that the Lie derivative with respect to E still 
descends to an operator Ce '■ T^ r ' s ' Q x T^'^ Q x - D 

Note that cohomology F-manifolds are generalizations of Hcrtling-Manin's 
F-manifolds, which themselves are generalizations of Dubrovin's Frobenius man- 
ifolds. While the generalization from F-manifolds to cohomology F-manifolds is 
needed since we can only expect the big-pair-of-pants product to be well-behaved 
after passing to cohomology, note that the generalization from Frobenius manifolds 
to F-manifolds results from the observation that there is no underlying potential. 

Indeed, since with just one formal variable for each fixed point one cannot 
distinguish between inputs and outputs, it is immediately clear that there is no 
Floer potential F e 7~(°'°) Q x such that the big quantum product * G -ft 1 - 2 ) Q x 
is given by its triple derivatives. While one is hence tempted to study the big 
pair-of-pants product on the differential graded manifold of full rational SFT as 
defined in the next section, we claim (without proof) that there is still no potential 
simply because the generating function does not descend to cohomology. Instead 
we discuss at the end of the next section how the commuting Hamiltonian system 
on rational SFT provides us with a modified generating function (defined using 
natural weights) which carries the same information but descends to a well-defined 
function on the differential graded manifold. 

We now turn to the invariance properties of the new objects. For this we 
show that for different choices of auxiliary data like almost complex structure and 
(domain-dependent) Hamiltonian perturbations, see also the appendix, we obtain 
cohomology F-manifolds which are isomorphic in the natural sense. 

First, observe that the invariance properties of contact homology proven in [7] 
lead to an isomorphism of the corresponding differential graded manifolds in the 
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following sense. Let (Q + , A + ) and (Q ,X~) be the differential graded manifolds 
from contact homology obtained for two different choices of auxiliary data. As 
described in [7] in the section on satellites, from the isomorphism tp : 

T {m Q++ = H*(T (0 ' a) Q + ,X+) A H *(T {m Q-,X~) = T (0 < 0) Q x 

of the contact homology algebras we immediately obtain an isomorphism dip : 

T (1 ' 0) Q+ + = iT(T (1 ' 0) Q+ [X+, •]) A H*{T im Q , [X~, •]) = r (1 - 0) Q A 

of the vector field cohomologies, respecting the module structure. It follows that 
we also obtain an isomorphism of all higher tensor fields, ip r , s : T^' 8 ^ Q x + — > 

T {r ' s) Q x - 

Theorem 2.12. For different choices of auxiliary data like almost complex struc- 
ture and (domain-dependent) Hamiltonian perturbations, the isomorphism p : 

(Q + ,A + ) -H» (Q~,X~) of differential graded manifolds established in [7J extends 
to a natural isomorphism of cohomology F-manifolds, 

tp : (Q+,X+,*+,e+,£+) 4 (Q" X~, *~ e~ , ET) 

in the sense that, after passing to cohomology, we have 

¥>i,2{* + ) = *~, <Pi,o(e + ) = e~, and tp rjS o C E + = C E - op r s . 

Proof. First observe that the result about the grading operators C E ± : 
T^'^ Qx± T^ r ' s ^ Q x ± hnmediately follows from the fact that the isomorphisms 
for contact homology and all its tensor versions are indeed grading-preserving. Now 
we prove that the isomorphism dp : — > T^ 1 ' ' Q x res P ec ts the product 

structures *± : T (1 ' 0) Q^± ®T (1 ' 0) Q^± -> T ih0) Q x ±. Denote by (T) the 

moduli spaces consisting of holomorphic curves in the topologically trivial sym- 
plectic cobordism W = R x interpolating between the two choices of auxiliary 
data which are used to define the isomorphism ip for contact homology. For the 
proof we now have to consider the codimension one-boundary of the submoduli 
space M^ /yi (T) of the moduli space M °° (70, 71, T), defined in the same way as 
A^~^ 71 (r) C M. lo ° (70, 71, r) making use of the preferred holomorphic branching 
map to the cylinder. Instead of three types of two-level curves we now have six 
types of two-level curves, where the factor two just results from the fact that we 
have to distinguish which level is cylindrical and which is non-cylindrical. As in 
the corresponding result for satellites in [7], we obtain that the morphism and the 
product commute up to terms which are exact for the Lie derivatives with respect 
to X^. Finally, note that the cobordism map for contact homology can naturally 
be extended by mapping the unit elements onto each other, which is obviously 
compatible with the product structure. □ 

Since we introduced the Floer theory of symplectomorphisms as a generaliza- 
tion of the Gromov-Witten theory of the underlying symplectic manifold, we have 
the following important immediate consequence. It is the generalization of the 
well-known isomorphism between the quantum cohomology ring and the Floer co- 
homology ring for Hamiltonian symplectomorphisms, established in |16j . On the 
other hand, in the same way as we have shown that the isomorphism of contact 
homology extends to an isomorphism of cohomology F-manifolds, it can be viewed 
as an extension of the corresponding result about contact homology proven by the 
author in [S]. 
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Corollary 2.13. In the case when the symplectomorphism (j) is the time-one map 
of a Hamiltonian flow, there exists an equivalence of cohomology F-manifolds 

(Q,X,*,e,E) = (0QH*U{e},O,*,e,£), 

fceN 

where, on the right hand side, * denotes the big quantum product, e its canonical 
unit vector field and E the Euler vector field of the Frobenius manifold structure 
on the quantum cohomology QH* of the underlying symplectic manifold. This is 
a generalization of the classical result of Piunikhin-Salamon-Schwarz in the sense 
that, after restricting to the tangent spaces at the origins, we recover the ring iso- 
morphism 

(0HF*(0 fc f%*o) = (0QH*,* o ). 

fceN fceN 

The above loop space picture will reappear in the next section when we will dis- 
cuss the relation between Floer theory and infinite-dimensional integrable systems. 

2.4. Floer theory and commuting Hamiltonian systems in SFT. It was 

shown by B. Dubrovin, see [5], that to every Frobenius manifold Q one can 
assign an infinite-dimensional integrable system on the loop space AQ of Q. By 
definition, it consists of an infinite sequence of linearly independent commuting 
Hamiltonian functions which span the space of symmetries of the first Hamiltonian, 
see [5] for the precise definition. For this recall that in Gromov-Witten theory the 
integrable system appears as flat coordinates for the deformed flat connection V 
on the cotangent bundle to the Frobenius manifold Q times C* given by the flat 
metric on Q, the big quantum product * and the Euler vector field E. 

While we have shown that the big pair-of-pants product defines a (l,2)-tensor 
field * £ X^ 1 ' 2 ) Q x on the differential graded manifold of contact homology, note 
that the Euler vector field E £ T (1,0) Q as well as the canonical flat structure on 
Q do not descend to well-defined structures on the differential graded manifold 
Q x in general. Indeed, recall from the definition of the cohomology F-manifold 
that the flat structure is not part of the definition, and only the grading operator 
given by the Lie derivative with respect to the Euler vector field, but not the Euler 
vector field itself, gives a well-defined geometrical object on the differential graded 
manifold. 

While it seems that the classical approach to integrable systems does not gen- 
eralize immediately from Gromov-Witten theory to Floer theory, it was outlined 
by Y. Eliashberg in his ICM plenary talk, see [6] , that the integrable system of the 
Gromov-Witten theory of (M,ui) naturally arises in the rational symplectic field 
theory (SFT) of the trivial mapping torus S 1 x M. Instead of trying to generalize 
the classical approach starting from the cohomology F-manifold of Floer theory 
introduced before, the SFT approach leads in a much more natural way to the 
desired generalization of the integrable systems from Gromov-Witten theory to 
the Floer theory of symplectomorphisms. 

Indeed, using symplectic field theory one gets an infinite system of commuting 
Hamiltonians on the rational SFT of the mapping torus of every symplectomor- 
phisms on a closed symplectic manifold, which agrees with the integrable system 
from Gromov-Witten theory in the case when the symplectomorphism is the iden- 
tity. We emphasize that this observation was the starting point for our project of 
relating Floer theory, Frobenius manifolds and integrable systems, and even guided 
us to our definition of the big pair-of-pants product and its relation to cohomology 
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F-manifolds. While for the definition of the cohomology F-manifold we used 
the full contact homology of mapping tori, the commuting Hamiltonian systems 
naturally live on their rational SFT homology, whose differential now counts 
holomorphic curves with an arbitrary number of positive (and negative) cylindrical 
ends and whose chain complex contains the full contact homology complex as 
a subcomplex. The reason is that the rational SFT homology naturally carries 
a Poisson bracket, which in turn leads to the natural appearance of commuting 
Hamiltonian systems in SFT, see [B] and [TU]. Apart from the fact that we claim 
that the cohomology F-manifold structure on contact homology indeed can be 
extended to rational SFT after introducing additional marked points on the curves 
(in order to model nodal breakings which now need to be included), the system 
of commuting Hamiltonian functions on rational SFT still restricts to a system of 
commuting vector fields on the differential graded manifold of full contact homology. 

Commuting Hamiltonians on rational SFT homology. Following [7].|10j we start 
with reviewing the appearance of the commuting Hamiltonian systems in the 
rational SFT. 

Rational SFT is a generalization of contact (co)homology in the sense that its 
definition involves moduli spaces of holomorphic maps with not just arbitrary 
many negative ends, but also arbitrary many positive ends, see [7] for details. 
For two ordered sets T+ = (7^, . . . , y+ + ) and T~ = (7^, . . . , j~ ) of closed orbits 

7i,...,7 r ± 6 Ufc6N^'(^ )fc ) the moduli space .M r (r + ,r _ ) consists of equivalence 
classes of tuples (u,(zi,...,z\),(z^,...,z~),(zi,...,z r )) with equivalence 
relation given by the action of the automorphisms of the domain and the K-action 
on the target, see [7] for details. Here (zf , . . . , z^ + ), (z-f , . . . , z~J) and {z\, . . ., z r ) 
are disjoint collections of marked points on S 2 and u is a J-holomorphic map 
from the punctured sphere S — S 2 \{zf, . . . , z^ ± } to RxM^ converging to the 

closed orbits yf 6 V(4> ki ) in the positive/negative cylindrical end near zf, 
i = 1, . . . ,r . In particular, the induced map h = n o u : 5 -> RxS 1 again 
defines a branched covering from S 2 to itself with branch points zf' of order 
kf, i = 1,...,^ over 00 and 0, respectively. Note that when T + consists of a 
single orbit 7+ and there no additional marked points (r = 0), then we just get 
back the moduli spaces of contact homology from before, M 1 (T - ) = A4q(T + , T~). 

As in Gromov-Witten theory we can use the additional marked points z\ , . . . , z r 
to define evaluation maps 

ev=(evi,...,ev r ):7W r (r+,r-)^M£ 

given by 

evi(u, (zf, . . .,zf±), (zi, . . .,z r )) i-> u{zi), i = l,...,r, 

which can be used to pullback differential forms from the target. Using the spectral 
sequence for fibre bundles we find that the cohomology ring of the mapping torus 
is given by the cohomology of the circle with twisted coefficients, 

H*{M^) = H°{S\'H*{M))(BH l {S\'H*- l {M)), 

since it converges after the first page, = ' . We now choose a string of 

differential forms 6\, . . . , 9k on M^, where we will assume that the forms represent 
a basis of the first summand, 6 a £ H°(S 1 ,H*(M)). 
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In contrast to the case of contact homology described before, we assign to each 
closed orbit 7 S \J keN ^i^) now ^ wo f° rma l graded variables p 7 and q 7 with 
|p 7 | = +CZ(7) — 2(dimM — 2). Note that the gradings of both formal variables 
here differs by sign from the original definition in [7] , in order to be consistent with 
other definitions. As in Gromov-Witten theory we further assign to each coho- 
mology class 6 a , a — 1, . . .,K a formal graded variable t a with \t a \ = 2 — deg0 Q . 
They can again be viewed as coordinates of a super space V, which contains the 
coordinate super space Q of contact homology after setting p = = t for p = (p 7 ), 
t = (£ Q ), but now carries a natural symplectic super- form <ip 7 A dq-y (in the 

formal sense). In particular, the space of functions = T (0,0) V now carries a 
(graded) Poisson bracket 

Using the moduli spaces defined above we can define the rational SFT Hamil- 
tonian h G <P = T (0,0) V of (rational) SFT as the sum over all T+, r~, /, where 
the coefficient in front of the monomial t T p T+ q r z A with p r+ = p + . . . p + , 

q r ~ = g 7 - . . . g 7 -_ , i J = f ai . . . t ar , z A = z$° ■ . . . ■ z d N N is given by 



1 I 



"It* - ! - \ f ! 



evl u ai A ... A ev; 

M r (r+,r-,A) 



It was shown in [10 that for each differential form one can define an infinite 
sequence of commuting Hamiltonians h a ,j E 7~( ^°) V. After introducing a special 
additional marked point zq , we use that as well-known in Gromov-Witten theory 
there is a tautological line bundle C over each moduli space M r +i(T + , T~), whose 
fibre over (it, zq) = (it, (zf, . . . , zi), (^o, ■ • ■ , z r)) is given by the cotangent line 
£{u,zo) = T* S, and which extends smoothly over the compactified moduli space. 
Since the SFT moduli spaces have codimension-one boundary, it however does not 
make sense to integrate powers of the Euler class (= first Chern class) over the 
moduli space. Instead we have introduced in |10j the notion of (generic) coherent 
collections of (multi-valued) sections (s) in the tautological line bundles over all 
moduli spaces, whose zero sets M.), +1 (T + , T~) = s _1 (0) in all A / ( r +i(r + , T~) can 
be viewed as (Poincare dual) of a coherent Euler class involving all moduli spaces 
at once, see [TUj for details. 

Choosing j generic coherent collections of sections (sj) and defining 

Mi +1 (r+,r-) = si\o)n...nsj\o)c M r+1 (r+,r-) ) 

we define the desired sequence of Hamiltonians h a , 3 £ T (0 ' 0) V again as the sum 
over all T + , T~ , /, where the coefficient in front of the monomial t 7 p r+ <7 r z A is 
now given by 

1 If 

— — — r r+ r _ / ev^(9 a A dt) A ev* ai A ... A ev*. 6 ar , 

r\r+\r Ik 1 k 1 J mI +1 (T+ ,r~ ,A) 

with the canonical one-form dt E H 1 (S 1 ,H° '(M)) C H 1 {M^ ) ) given by the 
S' 1 -coordinate on M^. 

It was shown in [7] that the rational SFT Hamiltonian h E ^3 satisfies the 
master equation {h, h} = 0. Similar as in contact homology this is equivalent 
to the fact that the symplectic gradient X = X h E T^ 1 ' ^ V of h with respect 
to the above formal symplectic super-form is an odd homological vector field on 
V and hence again defines a differential graded manifold Vx = (V, X) with 
tensor fields T (r ' s) V x ■= H*(T {r ' s) V,C X ). Furthermore, as in contact homology, 
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for two different choices of auxiliary data like almost complex structure and 
(domain-dependent) Hamiltonian perturbations, the resulting differential graded 
manifolds (V + ,X + ) and (V~,X~) are isomorphic. The following generalisation 
of this result for the commuting Hamiltonians was shown in |10j . 

Theorem 2.14. Since {h, h a j} — X(h a j) = 0, the Hamiltonians h QJ - descend to 
a sequence of functions on the differential graded manifold given by (V,X), which 
pairwise commute with respect to the Poisson bracket on T^ ' ' Vx, 

{h aj ,h W; } = oer (0 ' 0) v x . 

Furthermore they are independent under choices of auxiliary data like almost com- 
plex structure and Hamiltonian perturbations in the sense that the under the iso- 
morphism of rational SFT established in [7] they get mapped to each other, 

T (o,o) v + + 4 r (o,o) ^ h + , ^ a =l,...,K,j GN. 



Relation with Floer theory of symplectomorphisms. We now want to discuss the 
relation of the commuting Hamiltonian systems of the SFT of with the Floer 
theory of the underlying symplectomorphism <fi. 

Note that in the case when the symplectomorphism cf> is the identity, it was 
already observed in [7] that the SFT of S 1 x M (more in general, of every circle 
bundle S 1 — > V — > (M,u)) is determined by the Gromov-Witten theory of the 
underlying symplectic manifold (A/, lo). This in turn was used in [B], see also |15j . 
to prove that the commuting Hamiltonian system h aj for S 1 x M indeed agrees 
with the integrable system obtained from the Frobenius manifold determined by 
the Gromov-Witten potential of (M, oj). 

In view of the fact that the Floer theory of a symplectomorphism <f> generalizes 
the Gromov-Witten theory of M in the same way as the SFT of its mapping torus 
generalizes the SFT of S 1 x M, we obtain following Floer generalization of 
this result. 

With the above choice of differential forms 6i,...,9 K € H°(S 1 ,TL*(M)) C 
H*(M < j > ) and making use of the canonical one-form dt € ^(M^) as in the def- 
inition, every commuting Hamiltonian h QJ is counting holomorphic sections in 
symplectic fibre bundle with fibre (A/, lo) over punctured spheres. For the following 
statement we restrict to the case j = as in [7], the generalization to arbitrary 
j E N is then obvious. 

Theorem 2.15. The coefficient of the monomial t 1 p T+ q T z A in h Q .o is given by 
the integral of the pullback evp 9 a A ev* 9 ai A ... A ev* 9 ar (no dt !) of forms over 
the moduli space of holomorphic sections (u, (z^, . . . , z^%), (zq, z\, . . . , z r )). Here u 
is a holomorphic section in the pullback bundle h^RxM^), where the preferred 
holomorphic map ho : S = S' 2 \{zj t , . . . , z^ ± } — > R xS 1 is now determined by the 
requirement ho(zo) = (0,0) € R xS . 

Instead of selecting three marked points as in the definition of the big 
pair-of-pants product, we now use that integrating the pullback cvq dt of the 
canonical one-form on the mapping torus is equivalent to requiring that for 
every element u = {u, (z^, . . . , z ± ), (zq, . . . , z r )) the special marked point zq 
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(used to define evo) gets mapped to a fixed point on S 1 under the induced map 
h = n o u : S = S 2 \{zf, . . . , z^ ± } —t R xS 1 . Note that when <fi is the identity 
map, then /iJ(lxM^) = S x M and u : S — > M is a holomorphic sphere in M 
with additional marked points z±, . . . , z ± , zq, z±, . . . , z r . For the other cohomology 
classes, we use that H°(S,H*(M)) can be canonically identified using the bundle 
map with H°(S ,"H*(M)), which in the case of <f> being the identity just agrees 
with H*(M). 

While we have seen that the commuting Hamiltonian systems have a natural 
geometrical interpretation in Floer theory, we emphasize that we have the following 
immediate consequence of the invariance properties of the commuting Hamiltonian 
systems under choices of auxiliary data. 

Corollary 2.16. In the case when the symplectomorphism <f> is the time-one map of 
a Hamiltonian flow, then the system of commuting Hamiltonians h Q j G F^ ' ^ ~V X 
is isomorphic to the integrable system of Gromov- Witten theory of the underlying 
symplectic manifold. 

We end this section with a short discussion about how the commuting Hamilto- 
nians on rational SFT help us to find a substitute for the rational Gromov- Witten 
potential in the Floer theory of a symplectomorphism. 

For this let F G T^ ' ' V be the generating function, whose coefficient in 
front of the monomial t ! p T q r z A is given by the integral of the pullback 
evj 9 ai A ... A ev* 6 ar of forms over the moduli space of holomorphic sections 
(it, (zj* 1 , . . . , z^±), (zq, Z\, . . . , z r )) determined by T + and While we claim that 
F does not lie in the kernel of the symplectic vector field X 6 T (1,0) V of rational 
SFT and hence has no chance to define an invariant of the symplectomorphism 
<fi, we claim that the above generating function agrees with the first descendant 
Hamiltonian ho.i for the canonical zero-form up to a natural weighting factor in 
front of its summands. 

Indeed, since by the above theorem ho.i counts holomorphic sections with one 
additional marked point carrying one psi class, it follows from (an analogue of) 
the dilaton equation that the coefficient of ho.i in front of each monomial agrees 
with the coefficient of F multiplied with the Euler characteristic of the underlying 
punctured sphere. While ho,i and F hence carry the same geometrical information 
(since the Euler characteristic is nonzero for spheres with three or more marked 
points), the first descendant Hamiltonian ho.i (in contrast to F) indeed defines an 
invariant of the symplectomorphism <j). 

Appendix: Transversality using domain-dependent Hamiltonians 

In this appendix we will show how to adapt the results of the author in [5] 
to establish the neccessary nondegeneracy of orbits and transversality for all 
appearing moduli spaces. In particular, we do not need to employ the polyfold 
theory of Hofer-Wysocki-Zehnder, but show that we can still prove the desired 
transversality using the classical approach of domain-dependent almost complex 
structures, so that our results are already rigoros in the strict mathematical sense. 
For the discussion we have to distinguish between domain-stable holomorphic 
curves (the underlying punctured sphere is already stable in the sense that it has 
no nontrivial automorphisms, which means that it carries at least three punctures) 
and domain-unstable holomorphic curves like holomorphic spheres, holomorphic 
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planes and holomorphic cylinders. 

Holomorphic spheres, planes and cylinders. First, it is a well- known result from 
Gromov-Witten theory, see [14] . that one can prove regularity for all appearing 
moduli spaces of holomorphic spheres when the underlying symplectic is semiposi- 
tive. 

As in [8] we observe next that there exist no holomorphic planes in R x for 
every symplectomorphism </>, which simply follows from the fact that there is no 
branched covering map from the plane to the cylinder. 

On the other hand, we have seen that the cylindrical contact homology complex 
of (the subcomplcx of contact homology/rational SFT whose differential just 
counts cylinders) can be naturally identified with the sum of the Floer cohomology 
complexes for all powers <f) k of the symplectomorphism <fi. It follows that the 
transversality problem for domain-unstable curves in SFT of mapping tori reduces 
to the transversality results for symplectic Floer cohomology. 

Apart from assuming monotonicity in order to be able to deal with bubbling-off 
of holomorphic spheres as described above, it is a classical result (see jl] and |14|). 
that one can prove nondegeneracy for all fixed points and transversality for all 
moduli spaces of cylinders when one composes the given symplectomorphism <p 
with the Hamiltonian flow a (sufficiently generic) time-dependent Hamiltonian 
function H = H k . Note that for each k e N the Hamiltonian H k : R xAf -> R 
must satisfy the twisted periodicity condition H k +l = H k o <p. 

Similar as in [5] , we however can not assume that for arbitrary k € N we can work 
with a single-valued Hamiltonian function given by the Hamiltonian function 
H = H 1 for k = 1 by Hj* := H kt , t 6 1. The problem is that the resulting 
function H k additionally satisfies H k +1 ^ k — H k o <fi, which contradicts the request 
for genericity of the Hamiltonian and leads to multiply-covered cylinders. In order 
to have both the symmetry condition as well as regularity, we need to consider multi- 
valued Hamiltonian perturbations which destroy all multiply-covered cylinders, see 
[2] for the precise definitions. 

Domain-stable holomorphic curves. It remains to prove transversality for holo- 
morphic curves with three or more punctures. While these curves lead to the 
involved algebraic structures discussed in [7] and in this paper, from the point 
of transversality they actually cause less problems (up to the compatibility 
problem with the choices for the other moduli spaces) than the domain-unstable 
holomorphic curves. Indeed, the latter are the reason why transversality is not 
proved for symplectic field theory in general, which in turn was the starting point 
for the polyfold project of Hofer, Wysocki and Zehnder. 

Indeed it was shown in [5] that one can prove transversality for all moduli spaces 
of domain-stable holomorphic curves when one introduces domain-dependent 
Hamiltonian perturbations, generalizing the Hamiltonian perturbations used for 
the moduli spaces of holomorphic cylinders discussed above. Here one uses that 
the underlying punctured sphere has no nontrivial automorphisms, so that one 
can allow the Hamiltonian to depend on points of the punctured sphere, see [5] for 
details. Furthermore it was shown in [5] that the resulting class of perturbations is 
indeed large enough to prove transversality for generic choices and that all choices 
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can be made coherent in the sense that they are compatible with compactness and 
gluing of moduli spaces, which also involves the moduli spaces of domain-unstable 
holomorphic curves. 

While we claim that the main results carry over naturally, here is a short 
discussion of how the setup of [5] needs to be improved to cover the case of general 
symplectic mapping tori. 

First, since we now need to employ time-dependent Hamiltonians for the 
cylinders, we need to work with the (compactified) moduli space of punctured 
Riemann spheres with decorations (in the sense of [I], instead of the moduli 
space Ai s of curves without decorations as in [5]), where s is the number of 
punctures. Following [7] and pQ, note that in the SFT moduli spaces .M r (r+,r~) 
every holomorphic curve carries an asymptotic marker (— unit vector in the 
tangent space) at each puncture, which we remember when we forget the map. 
The resulting S^-parametrization near each puncture will be viewed as time 
coordinate for the Hamiltonian perturbation. We claim that the geometrical setup 
to define domain-dependent Hamiltonians naturally extends from the classical 
Deligne-Mumford moduli space of punctured spheres M. s to the moduli space M s 
with decorations, since it is still a smooth manifold (with boundary) and admits 
a universal curve — > A4 $ s over it, whose fibre over a point in Ai^ s is the 
punctured curve S represented by it (with a circle blow-up of its punctures) . 

Second, we want to equip each puncture with an integer multiplicity. Since 
near each puncture the holomorphic curve should approach the fixed point of (f> k , 
perturbed using the chosen Hamiltonian perturbation H k , we must remember 
the multiplicity k. After viewing k as an integer by distinguishing between 
positive and negative punctures, note that we only need to consider the case 
where the multiplicities of all punctures sum to zero, since otherwise there exists 
no branched covering map to the cylinder. In order to make coherent choices of 
domain-dependent Hamiltonians = if^± fe ± for all moduli spaces (com- 

patible with compactness and gluing), note for all nodal curves appearing in the 
compactification of the moduli spaces that the latter determines the multiplicity 
of each node a priori by the multiplicities of the punctures. 

Third, since the Hamiltonians for the cylinders are periodic only with respect to 
the originally chosen symplectomorphism in the sense that H k +1 — H k o fe , t G M, 

our domain-dependent Hamiltonians = ± are not maps starting from 

the total space of the universal curve -Ms +1 . Instead we need to work with the 
space 

whose fibre over a point in M. s is given by the universal covering S of the punctured 
sphere S. 

Then the domain-dependent Hamiltonian perturbation we are considering now 
are smooth maps 

ff (s) = Hjg k ± ■ M $ s+1 -> C°°(M). 

In order to ensure that the choices are compatible with the Hamiltonian perturba- 
tions for the cylinders, we require, as in [5], that, near the preimage of the circle 
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blow-up of each puncture under the universal covering, H)2 




± agrees with the 

k i 



time-dependent Hamiltonians H k ^ , . . . , if *± : M. —> C°°(M) chosen for the cylin- 
ders. Note that here we use the asymptotic marker remembered in M. s to param- 

$ 

etrize the corresponding boundary of M. s+l . In particular, since the Hamiltonian 
perturbations for the cylinders need to be multi- valued in the sense of [5] , the same 
holds true for the Hamiltonian perturbations for the moduli spaces of domain-stable 
holomorphic curves. We claim that, by starting with the moduli spaces with three 
punctures, for different numbers of punctures and different multiplicities all these 
choices can be made coherent, see [8]. 
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